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Introduction

In the mid-1800's, Liouville published a paper in which he had obtained

numbers which satisfied no algebraic equation over the integers.  The property

of a number being irrational, however, dates back even further.  Euler, in 1744,

proved the irrationality of  while in 1761 Lambert proved that  was irrational./ 1
It is true that there exist irrational numbers, , such that , ! !0Ð Ñ Á ! a

0ÐBÑ − ÒBÓ™ .  However, there is much more to investigate in the above

statement.  We wish for there to be criteria to determine to which numbers the

above fact applies.  Moreover, some techniques of approximating irrational

numbers by rational numbers lead to methods for proving a number is not a root

of any polynomial..

This paper will define some basic terminology of algebraic and

transcendental numbers, present some of the above methods as well as discuss

and prove the major results regarding ,  and combinations thereof.  We finish/ 1
the paper by stating the Gelfond-Schneider Theorem of 1934 which powerfully

classifies a large collection of numbers as being transcendental.

Irrationality Leading to Transcendence

We start off by the defining the key terms for our discussion.
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Definition 1.  A number field, , is any finite extension of the field of rationalO
numbers .÷

Definition 2.  Let  be a number field.  An element  is called O − O! algebraic if

there is a polynomial  of degree at least one such that 0ÐBÑ − ÒBÓ 0Ð Ñ œ !Þ™ !
We say that the  is the degree of the polynomial  of least degreedegree of ! 0ÐBÑ
such that .0Ð Ñ œ !!

Definition 3.  A element  is said to be  if, for all " ™transcendental 0ÐBÑ − ÒBÓß
0Ð Ñ Á !Þ" "  i.e.   is transcendental if it is not algebraic.

As mentioned above, Euler and Lambert proved the irrationality of  and / 1
but more important to the theory of transcendental numbers is a relationship

between the properties of irrationality and transcendence.  It is known that any

irrational number can be approximated using rational numbers.  However, in

1844 Liouville observed that for algebraic numbers of degree greater than one,

i.e. irrational algebraic numbers, there is a limit to the accuracy with which they

can be approximated.

Theorem 4. (Liouville's Estimate)  For any algebraic number  of degree ,! 8 ā "
there exists  such that  for all ( )- œ -Ð Ñ l � l ā − ; ā !! ! ÷: :

; ; ;
-
8

Proof.  Since ! is algebraic, there is an irreducible polynomial  of degreeT
8 ā " TÐ Ñ œ ! such that .  Thus, by the Mean Value Theorem we have:!

�TÐ Ñ œ TÐ Ñ � TÐ Ñ œ Ð � ÑT Ð Ñ
: : :

; ; ;
! ! 0w (1)

for some  between  and .0 ! :
;

Now if , then we can set  so that  and  implyl � l � " - œ " 8 ā " ; Á "! :
;

that  for all possible  with   Therefore, we assumel � l ā − ; ā !Þ! ÷: :
; ; ;

-
8

l � l � " l l � " � l l - œ -Ð Ñ ā !! 0 ! !:
;  so that .  As a result, there is some  such

that .  ThuslT Ð Ñl �w "
-0
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l � l ā - lT Ð Ñl
: :

; ;
! (2)

Now if  then that would violate the fact that  is irreducible.TÐ Ñ œ ! T ÐBÑ:
;

Thus  and so .  Therefore, TÐ Ñ Á ! l; T Ð Ñl − ; l � l ā -l; T Ð Ñl � -: : : :
; ; ; ;

8 8 8� !

and thus  as desired.l � l ā! :
; ;

-
8

Thanks, [BA] �

With his Estimate, Liouville established a class of transcendental numbers,

appropriately termed Liouville Numbers, which satisfy the contrapositive of his

Estimate.  Two examples of Liouville Numbers are  and= œ "!!
5œ"

_
�8x

0 0œ " " "
"! � "! � "! �á"x #x $x .  Note that  is in the notation for a continued fraction.

Unfortunately, Liouville's Estimate does not imply the transcendence of

either  or  and thus we require a different approach.  However, proofs of the1 /
transcendence of  and  were provided as corollaries to a result sketched by/ 1
Lindemann in 1882 and later proved rigorously by Weierstrass.

What we will do in the next section is to use calculus to prove the

transcendence of  and then later derive the transcendence of  as a corollary to/ 1
the Lindemann-Weierstrass Theorem.

The Transcendence of  and ./ 1

Theorem 5.   is transcendental/

Proof.  We will use the notation .  Now if  has0 ÐBÑ ³ Ð0ÐBÑÑ 0ÐBÑ − ÒBÓÐ3Ñ . B
.B

3

3 ‘

degree  and we define , then a< J ÐBÑ œ 0ÐBÑ � 0 ÐBÑ � 0 ÐBÑ �â� 0 ÐBÑÐ"Ñ Ð#Ñ Ð<Ñ

simple calculation shows that ..
.B

�B �BÐ/ J ÐBÑÑ œ �/ 0ÐBÑ

For , the Mean Value Theorem on  implies that5 − Ò!ß 5Ó�

/ J Ð5Ñ � JÐ!Ñ œ �/ 0Ð 5Ñ5 − Ð!ß "Ñ�5 � 5
5 5

)5 ) ) for .  If we multiply this equation

by , we see that  and thus we make the/ J Ð5Ñ � / J Ð!Ñ œ �/ 0Ð 5Ñ55 5 Ð"� Ñ5
5

)5 )
following definitions for :3 œ "ßá ß 8
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& )3 3
3 3Ð"� Ñ³ JÐ3Ñ � / J Ð!Ñ œ �3/ 0Ð3 Ñ)3 (3)

Now if we suppose to the contrary that  is algebraic of degree , then there/ 8
exist ,  such that  satisfies a relation of the form- − - ā ! /3 9™

- / � - / �â� - / � - œ !8 8�" " 9
8 8�" (4)

If we multiply  by  for   and add, we get&3 3- 3 œ "ßá ß 8
- J Ð"Ñ � - J Ð#Ñ �â� - JÐ8Ñ � JÐ!Ñ - / � - / �â� - /Ñ œ -" # 8 8 8�" " " "

8 8�"ˆ &

�â� -8 8&  which then simplifies to

- J Ð!Ñ � - J Ð"Ñ �â� - JÐ8Ñ œ - �â� -9 " 8 " " 8 8& & (5)

Note that the above discussion was independent of the choice of .  We0ÐBÑ
now specify an  which will help us arrive at a contradiction to the0ÐBÑ
assumption that  is algebraic.  Let/

0ÐBÑ œ B Ð3 � BÑ
"

Ð: � "Ñx

œ B � � �â
Ð8xÑ + B + B

Ð: � "Ñx Ð: � "Ñx Ð: � "Ñx

:�" :

3œ"

8

: : :�"
:�" 9 "

$ (6)

for a chosen prime  and  and . We see from this when ,: ā 8 : ā - + − 3 � :9 3 ™

0 ÐBÑ − Ð: ÑÒBÓ 0 Ð4Ñ − : 3 � : 4 − ÞÐ3Ñ Ð3Ñ™ ™ ™ and thus  for all  and all 

By its definition,  has roots  each with multiplicity .  So0ÐBÑ B œ "ß #ßá ß 8 :
for , .  Since 4 œ "ßá ß 8 0Ð4Ñ œ ! œ 0 Ð4Ñ œ â œ 0 Ð4Ñ J Ð4Ñ œ 0Ð4Ñ �Ð"Ñ Ð:�"Ñ

!
3œ"

<
Ð3Ñ0 Ð4Ñ J Ð4Ñ − : 4 œ "ßá ß 8, we see  for .™

Also,  is a root of  of multiplicity  and thus B œ ! 0ÐBÑ : � " 0Ð!Ñ œ 0 Ð!ÑÐ3Ñ

œ ! 3 œ "ßá ß Ð: � #Ñ 3 � :ß 0 Ð!Ñ − : for .  Now if  and so we computeÐ3Ñ ™

0 Ð!ÑÞ 0 Ð!Ñ œ Ð8xÑ − 0 Ð!Ñ Â : :Ð:�"Ñ Ð:�"Ñ : Ð:�"Ñ  We see that , however  since ™ ™

is a prime number bigger than .  Since  we see that8 JÐ!Ñ œ 0Ð!Ñ � 0 Ð!Ñ!
3œ"

<
Ð3Ñ

: l J Ð!Ñ  .
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Overall, we see since  and   , we know that  does not: ā - ā ! : l J Ð!Ñ :9

divide the integer .  Recall that and we had defined! ! !
4œ! 4œ! 3œ"

8 8 8

4 4 3 3- J Ð4Ñ - J Ð4Ñ œ - &

& ) ) ) )3 3 3 3
"

Ð:�"Ñx
3Ð"� Ñ :�" : :³ �3/ Ð3 Ñ Ð" � 3 Ñ âÐ8 � 3 Ñ − Ð!ß "ÑŠ ‹)3 , where .  Thus

we estimate

l l Ÿ
/ 8 Ð8xÑ

Ð: � "Ñx
&3

8 : :

(7)

and so we finally see that .lim lim
:Ä_ :Ä_

3
/ 8 Ð8xÑ
Ð:�"Ñxl l œ œ !&
8 : :

Therefore, there exists a prime  large enough so that  so that: : ā Ö- ß 8×max 9

l- �â� - l � "" " 8 8& & . (8)

But   and thus such a large prime  would force the! !
3œ" 4œ!

8 8

3 3 4- œ - J Ð4Ñ − :& ™

equation    This, however, is a contradiction because  implies!
4œ!

8

4- J Ð4Ñ œ !Þ : l !

: l - J Ð4Ñ /!
4œ!

8

4  which we know cannot be true from above.  Therefore  must be

transcendental.

Thanks, [HE] �

Lindemann's Theorem

Lindemann's Theorem, or actually the Lindemann-Weierstrass Theorem

since Weierstrass proved it, is a powerful demonstration that exponential

functions are algebraically independent.  We shall refer to this theorem in the

future, after we prove it, by the notation LW.

Theorem 6. (Lindemann-Weierstrass)  For any distinct algebraic  and! !" 8ßá ß
non-zero algebraic numbers , we have" "" 8ßá ß
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" "" 8/ �â� / Á !! !" 8

Proof.  We will first introduce some notation and a helpful function.  For a

polynomial  we define .  We then define the0ÐBÑ œ + B 0ÐBÑ ³ l+ l B! !5 5
5 5

following function, for :0ÐBÑ − ÒBÓ‘

MÐ>Ñ œ / 0Ð?Ñ.?

œ / 0 Ð!Ñ � 0 Ð>Ñ

(
" "
!

>
>�?

> Ð4Ñ Ð4Ñ

4œ! 4œ!

7 7

(9)

The second representation is a result of repeated integration by parts.

Combining these two definitions we get the inequality

¸ ¸ ¸ ¸(MÐ>Ñ Ÿ / 0Ð?Ñ .? Ÿ l>l / 0Ðl>lÑ
!

>
>�? l>l . (10)

Now suppose the theorem were false.  Then for some positive integer  there8
exist  and  satisfying the hypotheses so that! ! " "" 8 " 8ßá ß ßá ß

" "" 8/ �â� / œ !! !" 8 (11)

We can assume that  as a result of multiplying the above equation by" ™3 −
all conjugates of all of the and then clearing denominators.  We can also"3
assume that for each  there exist integers> œ "ßá ß 8
! œ 8 � 8 � â � 8 œ 8 ßá ß! " < 8 �" 8 so that  is a complete set of! !

> >�"

conjugates for  and .! " "> 8 �" 8> >�"
œ â œ

Since  is algebraic for all ,  is a collection of (not necessarily! ! !3 " 83 ßá ß
all) roots of some polynomial of degree  over the integers.  We letR
! !8�" Rßá ß R � 8 denote the remaining  roots.  Thus, for

" "8�" Rœ â œ œ ! we have the following equation:

$ Š ‹
Ð5 ßáß5 Ñ

" R

" 8

5 5" R" "/ �â� / œ !! ! (12)

where  runs over all permutations of .Ð5 ßá ß 5 Ñ Ð"ßá ßRÑ" 8
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Now let such that  and  are all algebraic6 − 6 ßá ß 6 6 ßá ß 6� ! ! " "" 8 " 8

integers and define, for all   for a large3 œ "ßá ß 8 0 ÐBÑ œ 63
8: ÐB� Ñ âÐB� Ñ

ÐB� Ñ
! !

!
" 8
: :

3

prime .:
We let  with  defined as in (9) usingN œ M Ð Ñ �â� M Ð Ñ M Ð>Ñ3 " 3 " 8 3 8 3" ! " !

0 œ 0 7 œ 8: � " œ Ð0 Ñ3 3.  Then some computation shows that for ,deg

N œ � 0 Ð Ñ3 5 5

4œ!

7 8

5œ"
3
Ð4Ñ" " (13)" !

We now note that  unless  or .  In that case we see:x l 0 Ð Ñ 4 œ : � " 5 œ 33
Ð4Ñ

5!

that

0 Ð Ñ œ 6 Ð: � "Ñx Ð � Ñ3
Ð:�"Ñ

3 3 5
8: :

5Á3

8

! ! !$ (14)

which is divisible by  but not   Thus .  FurtherÐ: � "Ñx :x Ð: � "Ñx l N3

N œ � 0 Ð Ñ �â� 0 Ð Ñ Ð Ñ3 8 8 �" 8

4œ! >œ!

7 <�"

3 3
Ð4Ñ Ð4Ñ" " Š ‹" ! !

>�" > >�"
15

and the internal sum is a polynomial with rational coefficients in the .  Also!3

the coefficients of  can be expressed as rational numbers.  Therefore the0 ÐBÑ3
Ð4Ñ

product  and moreover is divisible by .  Thusl N âN l − Ð: � "ÑxÑ" 8
8÷ ˆ

lN âN l � Ð: � "Ñx" 8 .  However, inequality (2) gives us

l N l Ÿ l l / 0 l l Ÿ -3 5 5 5

5œ"

8
l l :" ˆ ‰! " !!5 (16)

for some  independent of .  But this contradicts - − : lN âN l � Ð: � "Ñx‘ " 8

when the prime  is chosen sufficiently large.  Thus the theorem must be true.:
Thanks, [BA] �

As a result of this powerful theorem, we can prove in a short corollary the

transcendence of .1
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Corollary 7.   is transcendental1

Proof.  Assume that  is algebraic.  Then so too must be  and .  Thus, we1 1 13 # 3
consider the special case where 8 œ #ß œ 3ß œ # 3ß œ œ "! 1 ! 1 " "" # " # and .

We derive a contradiction using LW and the following equation:

! Á / � / œ / � / œ �" � " œ !" "" #
3 # 3! ! 1 1" # (17)

Therefore , the assumption that  is algebraic must be false.1
�

LW reaches even deeper than this result.  We can add to our collection of

transcendental numbers in another corollary to LW.

Corollary 8.  For any algebraic 0,   and  are all! ! ! !Á Ð Ñß Ð Ñß Ð Ñcos sin tan

transcendental.  Moreover, for algebraic  not  or , ( ) is also! !! " log

transcendental.

The Gelfond-Schneider Theorem

To conclude this treatment of transcendental number theory, we state and

describe the implications of the Gelfond-Schneider Theorem.

Theorem 9. (Gelfond-Schneider)  If  are nonzero algebraic numbers! !" 8ßá ß
such that  are linearly independent over the rationals, thenlog logÐ Ñßá ß Ð Ñ! !" 8

"ß Ð Ñßá ß Ð Ñlog log! !" 8  are linearly independent over the field of all algebraic

numbers.

This idea was researched and proved by Gelfond and Schneider

independently in 1934.  The main results of this theorem are that  is!"

transcendental for any algebraic  and any imaginary quadratic irrational! Á !ß "
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".  As a result we know that  is transcendental.  The remaining/ œ Ð�"Ñ1 �3

implications of the Gelfond-Schneider Theorem will be stated as corollaries.

Corollary 10.  Any non-vanishing linear combination of logarithms of algebraic

numbers with algebraic coefficients is transcendental.

Corollary 11.   is transcendental for any nonzero algebraic/ â" ""! 8"! !" 8

numbers .! ! " " "" 8 ! " 8ßá ß ß ß ßá ß

Corollary 12.   is transcendental for any algebraic numbers ! ! ! !" 8 " 8
" "" 8â ßáß

other than  or , and any algebraic numbers  with ! " ßá ß "ß ßá ß" " " "" 8 " 8

linearly independent over the rationals.
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