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Introduction

In the mid-1800's, Liouville published a paper in which he had obtained
numbers which satisfied no algebraic equation over the integers. The property
of a number being irrational, however, dates back even further. Euler, in 1744,
proved the irrationality of e while in 1761 Lambert proved that 7 was irrational.

It is true that there exist irrational numbers, «, such that f(«) #0, V
f(z) € Z[z]. However, there is much more to investigate in the above
statement. We wish for there to be criteria to determine to which numbers the
above fact applies. Moreover, some techniques of approximating irrational
numbers by rational numbers lead to methods for proving a number is not a root
of any polynomial..

This paper will define some basic terminology of algebraic and
transcendental numbers, present some of the above methods as well as discuss
and prove the major results regarding e, m and combinations thereof. We finish
the paper by stating the Gelfond-Schneider Theorem of 1934 which powerfully
classifies a large collection of numbers as being transcendental.

Irrationality Leading to Transcendence

We start off by the defining the key terms for our discussion.
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Definition 1. A number field, K, is any finite extension of the field of rational
numbers Q.

Definition 2. Let K be a number field. An element o € K is called algebraic if
there is a polynomial f(x) € Z[x] of degree at least one such that f(«) = 0.
We say that the degree of « is the degree of the polynomial f(x) of least degree
such that f(a) = 0.

Definition 3. A element [ is said to be transcendental if, for all f(x) € Z[z],
f(B) # 0. i.e. (is transcendental if it is not algebraic.

As mentioned above, Euler and Lambert proved the irrationality of e and 7
but more important to the theory of transcendental numbers is a relationship
between the properties of irrationality and transcendence. It is known that any
irrational number can be approximated using rational numbers. However, in
1844 Liouville observed that for algebraic numbers of degree greater than one,
1.e. irrational algebraic numbers, there is a limit to the accuracy with which they
can be approximated.

Theorem 4. (Liouville's Estimate) For any algebraic number o of degree n > 1,
there exists ¢ = c(a) such that o — £| > < forall 2 € Q (g > 0)

Proof- Since « is algebraic, there is an irreducible polynomial P of degree
n > 1 such that P(a) = 0. Thus, by the Mean Value Theorem we have:

) - P(PY = (o PP
—P(>) = P(a) P(q) ( q)P(S) (1)

for some & between « and g.

Now if o — §| > 1, then we can set ¢ = 1 so that n > 1 and ¢ # 1 imply
that | — £| > % for all possible = € Q with ¢ > 0. Therefore, we assume
la — Bl < 1sothat [{] <1+ |a|l. Asaresult, there is some ¢ = c(a) > 0 such

that [P'(€)] < %. Thus
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o — §| > c|P<§>| 2)

Now if P(£) = 0 then that would violate the fact that P(z) is irreducible.
Thus P(%) # 0 and so |¢"P(%)[ € N. Therefore, ¢"|a — £| > ¢|¢"P(L)| = ¢
and thus |a — £| > © as desned

Thanks, [BA] O

With his Estimate, Liouville established a class of transcendental numbers,
appropriately termed Liouville Numbers, which satisfy the contrapositive of his

o
Estimate. Two examples of Liouville Numbers are w= > 10" and
k=1
£E= 10}! - 10%! - 10311_ —. Note that £ is in the notation for a continued fraction.
Unfortunately, Liouville's Estimate does not imply the transcendence of
either 7 or e and thus we require a different approach. However, proofs of the
transcendence of e and m were provided as corollaries to a result sketched by
Lindemann in 1882 and later proved rigorously by Weierstrass.
What we will do in the next section is to use calculus to prove the
transcendence of e and then later derive the transcendence of 7 as a corollary to

the Lindemann-Weierstrass Theorem.

The Transcendence of e and .

Theorem 5. e is transcendental

Proof. We will use the notation f()(z) = g—(f( )). Now if f(z) € R[z] has
degree r and we define F(z) = f(z) + fU(x) + fP(z) + -+ + f)(z), then a
simple calculation shows that 2 (e " F(z)) = —e~* f(x).

For k€N, the Mean Value Theorem on [0,k] implies that
e *F(k) — F(0) = —e % f(0).k)k for 0, € (0,1). If we multiply this equation
by e, we see that F'(k) — " F(0) = —el =%k f(0,.k)k and thus we make the
following definitions forz =1, ..., n:
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g; = F(i) — €' F(0) = —ie’' %) £(i6;) 3)

Now if we suppose to the contrary that e is algebraic of degree n, then there
exist ¢; € Z, ¢, > 0 such that e satisfies a relation of the form

cne” +cep1e" M4t ere+c, =0 4)

If we multiply €; by ¢; fori = 1,...,n and add, we get
aF(1) 4+ F(2)+ -+ cF(n) — F(0)(cpe™ + coor€" '+ -+ + cre) = c1e1
+ -+ 4 ¢,&, Which then simplifies to

oF(0)+cF(1)+ -+ c,F(n) =cre1 + -+ cuen (3)

Note that the above discussion was independent of the choice of f(z). We
now specify an f(x) which will help us arrive at a contradiction to the
assumption that e is algebraic. Let

1 B n ]
f(.%') = (p - 1)'331) 1i1:[1<2 - x)p (6)
) . a,x? ay Pt
o oo ot

for a chosen prime p > n and p > ¢, and a; € Z. We see from this when ¢ > p,
f@(x) € (pZ)[x] and thus f@(j) € pZ forall i > pandall j € Z.

By its definition, f(z) has roots z = 1,2, ..., n each with multiplicity p. So

S FO(), wesee F(j) € pZforj=1,...,n.
i=1

Also, x = 0 is a root of f(z) of multiplicity p — 1 and thus f(0) = £ (0)
=0fori=1,...,(p—2). Nowifi > p, f{(0) € pZ and so we compute
f®P=1(0). We see that fP~1(0) = (n!)? € Z, however fP~1(0) ¢ pZ since p

is a prime number bigger than n. Since F/(0) = f(0) + >_ f7(0) we see that
i=1

p | F(0).
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Overall, we see since p > ¢, > 0 and p | F'(0), we know that p does not
n

divide the integer > | ¢;F'(j). Recall that Y ¢, F(j) =
=0 j=0 i=1

- (—iei(l’gi)(i&)p’l(l —i0)P(n — z‘&i)p), where 0 € (0,1). Thus

we estimate

¢;¢; and we had defined

e"nP(n!)?
lei] < ( ), (7)
(p—1)
and so we finally see that lim |¢;| = lim 672"11(;“,)[) =0
p—0 p—oo (P1)!

Therefore, there exists a prime p large enough so that p > max{c,,n} so that

lcier + -+ cpen| < L (8)

But ) cie; = Y ¢;jF(j) € Z and thus such a large prime p would force the
i=1 j=0

n
equation ) ¢;F(j) = 0. This, however, is a contradiction because p | 0 implies
=0

n
p | >_¢;F(j) which we know cannot be true from above. Therefore e must be
=0

transcendental.
Thanks, [HE] O

Lindemann's Theorem

Lindemann's Theorem, or actually the Lindemann-Weierstrass Theorem
since Weierstrass proved it, is a powerful demonstration that exponential
functions are algebraically independent. We shall refer to this theorem in the
future, after we prove it, by the notation LW.

Theorem 6. (Lindemann-Weierstrass) For any distinct algebraic o, ..., «, and
non-zero algebraic numbers (31, ..., 3,, we have
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Bre + o+ fue™ # 0

Proof. We will first introduce some notation and a helpful function. For a
polynomial f(z) =Y arz® we define f(x) = |ax|2z". We then define the

following function, for f(x) € Rz]:

I(t) = /0 e f(u)du )
=300 - S 90)
=0 =0

The second representation is a result of repeated integration by parts.
Combining these two definitions we get the inequality

t
[1(t)] < /0 et f (u) [du < [t] e F(J2]). (10)

Now suppose the theorem were false. Then for some positive integer n there
exist ay,...,a, and fy, ..., B, satisfying the hypotheses so that

fre™t + -+ Bre™ =0 (11)

We can assume that 3; € Z as a result of multiplying the above equation by
all conjugates of all of the (3; and then clearing denominators. We can also

assume that for each t=1,...,n there exist integers
O=mng<n <---<n,=mn so that ay,41,...,q,,, 1s a complete set of
conjugates for oy and 3,11 = --- = B,,.,.

Since «; is algebraic for all ¢, oy, ..., a, is a collection of (not necessarily
all) roots of some polynomial of degree N over the integers. We let
Qi1 ...,y denote the remaining N —n  roots. Thus, for
Bni1 = -+ = By = 0 we have the following equation:

[T (Breos + -+ Bre™) =0 (12)
(K1, ko)
where (kq, ..., k,) runs over all permutations of (1,..., N).
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Now let | € Nsuch that loy,...,lo,, and 131,...,153, are all algebraic
integers and define, for all i = 1,...,n fi(z) = W’W for a large
prime p.

We let J; = f1l;(a1) + - + Buli(,) with I;(t) defined as in (9) using

f = f;. Then some computatlon shows that for m = np — 1 = deg(f;),
=3 Bif (e (13)
=0 k=1

We now note that p! | fi(j)(ak) unless j = p — 1 or k = i. In that case we see
that

£y = 1" (p —1'H i — ) (14)
ki

which is divisible by (p — 1)! but not p! Thus (p — 1)!| J;. Further

== B (£ ) 4 10 (00)) (19)

and the internal sum is a polynomial with rational coefficients in the «;. Also
the coefficients of fi(j)(x) can be expressed as rational numbers. Therefore the
product |Ji---J, | € Q and moreover is divisible by ((p—1)!)". Thus
|Ji---Jn| > (p — 1)!. However, inequality (2) gives us

[Tl <> lanB | e (Jax]) < ¢ (16)
k=1

for some ¢ € R independent of p. But this contradicts |J;---J,| > (p — 1)!

when the prime p is chosen sufficiently large. Thus the theorem must be true.
Thanks, [BA] O

As a result of this powerful theorem, we can prove in a short corollary the
transcendence of 7.
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Corollary 7. w is transcendental

Proof. Assume that 7 is algebraic. Then so too must be 77 and 27i. Thus, we
consider the special case where n = 2, a; = mi, g = 2mi, and () = [y = 1.
We derive a contradiction using LW and the following equation:

0% (e 4+ foe™ =™ + e =—14+1=0 (17)

Therefore , the assumption that 7 is algebraic must be false.
O

LW reaches even deeper than this result. We can add to our collection of
transcendental numbers in another corollary to LW.

Corollary 8. For any algebraic o # 0, cos(a), sin(«), and tan(«) are all
transcendental. ~ Moreover, for algebraic o not 0 or 1, log(a) is also
transcendental.

The Gelfond-Schneider Theorem

To conclude this treatment of transcendental number theory, we state and
describe the implications of the Gelfond-Schneider Theorem.

Theorem 9. (Gelfond-Schneider) If o, ..., o, are nonzero algebraic numbers
such that log(ay), ..., log(ay,) are linearly independent over the rationals, then
1,log(ay), ..., log(ey,) are linearly independent over the field of all algebraic
numbers.

This idea was researched and proved by Gelfond and Schneider
independently in 1934. The main results of this theorem are that o is
transcendental for any algebraic o # 0, 1 and any imaginary quadratic irrational
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(. As a result we know that e™ = (—1)~" is transcendental. The remaining
implications of the Gelfond-Schneider Theorem will be stated as corollaries.

Corollary 10. Any non-vanishing linear combination of logarithms of algebraic
numbers with algebraic coefficients is transcendental.

Corollary 11. eﬁ“a?l---ag" is transcendental for any nonzero algebraic

numbers o, ...,y Bo, B1y -+ On.

Corollary 12. o'---aP is transcendental for any algebraic numbers ay, ... , oy,
other than 0 or 1, and any algebraic numbers (3, ...,[03, with 1,01,...,0,
linearly independent over the rationals.
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